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MECHANICS BY QUATERNIONS. 



BY PROP. E. W. HYDE, UNIVERSITY OP CINCINNATI. 

(12) Returning now to equations (22) and (23), let us first find the 
condition that the system of forces may have a single resultant. Evidently 
if ,G be perpendicular to ,R the forces composing ,G may be taken as par- 
allel to jR, and we shall then have a system of three parallel forces whose 
sum is not zero, which may therefore be combined into a single resultant. 

Hence the required condition is 

8 I R I G = 8 I R I G = 0. (24) 

This equation is satisfied by ,R = and ,(x = 0, as well as by ,R per- 
pendicular to ,G. If the first is true there is no resultant, and the system 
is equivalent to a couple only. 

If ,C =■ t G a — V t Tz,R = 0, the locus of ,ic will be the locus of all points 
at which there is a single resultant. ,G Q being a constant vector this is the 
equation of a straight line as appears by solving the equation for ,n. Since 
the Scalar part of the quaternion jit,R is indeterminate call it x, then 
,n,R = x+ V t it t R = x+,G ; 

,7t = x / R-i+ / G ,Rr 1 . (25) 

The last term of this "equation is a vector because 

£,<?„ '-R -1 = StR- 1 V,n,R = 0. 

It is also evident that if / G be any constant vector whatever the locus of 
,it is a right line parallel to ,R, i. e., the moment is the same about all p'ts 
of any line parallel to ,R. 

(13). We will next find the locus of ,it when G = T,G is a constant 
quantity; i. e., T(,G — V,K/R) = G = constant, or squaring and trans- 
posing, and remembering that V* t n,R = S*/c,R— ,*?,&, 

p? t &—S*fc t B+2S t G ,n,R = G 2 — G*. (26) 

This is easily seen to be the equation of a circular cylinder whose axis is 
parallel to ,R. 

To find the position of the axis, let us change the origin by putting ,tz 
+ ,d for l n, with the condition S t n t R = 0; so that ,<J is the vector of the 
point where the axis pierces the plane S/it t R = 0. Substituting in (26) 
with this condition we have 

(, J r+ /< J)VR s +2£ / <? ( / *+ A-E = G*-G >. 
If the new origin is to be at a point of the axis, the terms of the 1st de- 
gree in ,it must disappear; therefore 

,R*8nd+S,G 0/ n,R = = 8( l R 1 t d-V t G 0l R) l it; 

,8 = t Rr* V,G 0I R = V t G 0l RrK (27) 
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The equation of the axis of the cylinder is then 

lP =V l G 0l Rr^+x l R. (28) 

Let us next fiind the value, or rather the locus, of jit when G = T, G is 
a minimum. The value of G increases with it to oo, so that there is no 
maximum. If G is a minimum we must have 

8 t Gd t G = 0, i. e., S(,G — V^R^Rd^ = 0. 

Expanding and reducing we have 

8(V J G 0/ R— / 7t / R 2 + l RS l 7r t R)d l i: = 0, 
which can only be justisfied in general by equating the quantity in parenthe- 
ses to zero. Therefore 

&& = V^^R+.RS^R 
or J 7r=V / G ,R- 1 +R- 1 8 / Jt,R. (29) 

This is the equation of a straight line, and is identical with equation (28) 
and also with eq. (25), which is the particular case when S^d/Rt 1 = 0. 

The identity between (28) and (29) will be evident on replacing t p in the 
former by ,it, and then operating by S.,R, when we shall find 

x = ,R-*S,n,R. 

It appears therefore that the axis of the cylinder T t G = G = const, is 
the locus of jit when G is a minimum ; and that if the system of forces is 
capable of reduction to a single resultant, the line of action of this result- 
ant is this same axis, i. e., in this case, the minimum value of G is zero. 

This axis is called the Central Axis of the system. If we substitute the 
value of jit from (29) in the value of t G we have 
,G = JQr-VfaR = .Go— V( V^R^+^R-^S^R^R 

= l Q + r. t BV l Q v B-^ =,G + J R-iS,R,G 9 -,G = l R-iS / R,G , (30) 
for the value of ,G when G is a minimum. Eq. (30) shows that in this 
case ,G is a vector parallel to ,R, i. e., the plane of the resultant couple is 
perpendicular to ,R. Let us see if there is any other position of ,R for 
which ,G is parallel to ,R, i. e., T^G.-R = 0. Operating on y G by V,R, 
we have V^Gg— V. t R V,it t R = 0, . • . F / i? y G -,i&8 y * / IJ+,jr / 2P = 0, or 

which is (29) again, so that the central axis is the only line such that when 
the resultant acts along it the plane of the resultant couple is perp. to ,R. 

(14). Let us determine the conditions that must hold in order that the 
resolved parts along any straight line whatever of a system of forces acting 
on a rigid body may be in equilibrium. 

Let e be a unit vector in any direction, then s~ 1 8e / P is the resolved part 
of t P along e. In equation (22) and (23) put e~ r Ss,P for ,P; therefore 
ite-^P] = e-*Ss2(,P) = 0, . ■ . S*2{ t P) = 0, 
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and as this must hold for all directions of s 

2{ t P) = ,R = 0. (31) 

Also i'[F // oe-'Se / P] = 0= V.tS[ J p8t l F]. (32) 

If this is to be true for all directions of s we must have 

ns = S^p^F}. (33) 

Now the general value of e in terms of any three non-coplanar vectors 
e i> e a> e 3 1S 

and hence I^pSe^P"] must be capable of reduction to such a form if (33) is 
to be satisfied. 

(15). If a rigid body be in equilibrium under the action of a system of 
forces and if equilibrium be maintained when the body has been turned 
through the angle about any axis {0 being not a multiple of two right 
angles, and the system of forces being constant in magnitude and direction), 
then the system will be in equilibrium whatever value may have. 

We have the conditions 

2( t P) = and I( V lPl P) = 0. (34) 

Let s be a unit vector along the axis about which the body is to be re- 

6-t-IV —~6-i-1Z 

volved, then every t p will be changed to e ,pt . (See Tait's Qua- 

ternions, Art. 351.) Substituting in the second of (34) we have 

2\Vs lP t ,P] = 0, 

i. e. 21 F(cos Id +e sin £0) yi o(cos J0— s sin |0),P] = 0. 
Expanding, reducing and making use of (34) this becomes 
2cos id[I(e8 / p / P)—I( i p8£ l P)']—VsI( / pSe / P— l P8e / p)sm §d = 0. (35) 
This being an equation between two vectors multiplied by scalar coefficients 
can only be satisfied by making both coefficients zero, or else both vectors 
zero. As the coefficients cannot be zero together the vectors must be ; 

.• . 2(eS lPi P) = StP&tf, (36) 

Vtl^pSs.P) = Vel^PSe.p). (37) 

Eliminate I^pSs/P) between (36) and (37), 

V,2{*S / p / P)=V*2(,PSe l py, 
the first member is zero because Vie = 0, . • . the second member is also 
zero. "We have supposed (35) to be true for some value of d, hence the con- 
ditions (36) and (37) must be satisfied, and if they are satisfied (35) is true 
for any value of 0, Q. E. D. 

(16). We will now show how the general equations of equilibrium of a 
rigid body may be deduced from those for forces acting on a particle. 
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Suppose a system of n rigidly connected particles. The action between 
any two particles to be taken along the the straight line joining them, and 
to be mutual, i. e., the action of the first on the second equal and opposite 
to that of the second on the first. Let 7 Pj be the external force acting on 
the particle 1 and let Q lt Q 2 &c, be the forces acting between it and other 
particles. Then there will be n equations 

l P 1 + I{ l Q') = 0, t P a + 2( t Q") = 0, etc., 
where the primes indicate a different set of t Q's in each case. From the hy- 
potheses above however it is clear that for every , Q, as t Q i} we shall have 
also a force — ,§<; hence if we add up the equations above, the y §'s will 
all cancel out and leave us 

I( t P) = 0. (38) 

Let t p u /Pz &c, be the vectors of the particles; then from the equations 
above we have 

ViPuPi + V,Pi2{,Qr) = 0, V,p 2/ P 2 +V l p,2( l Q») = 0,etc. 
On adding these equations it appears from what has been already shown 
that we shall have a series of terms containing Q's such as 

V,Pl,Qlm—V,Pm,Qlm = V(/Pl— ,Pm),Qlm, 

in which ,p, and ,p m are the vectors of the fth and mth particles and t Q lm is 
the force between them. But as, by hypothesis, t Q lm acts along t p, — t p m , it 
follows that every such vector is zero. Hence on summing we shall have 

I(V l pP) = 0. (39) 

(17). Some additional illustrative examples will now be given. 

Ex. 1. A cube is acted upon by 4 forces; one is in a diagonal, and the 
others in edges no two of which are in the same plane, and which do not 
meet the diagonal : find the conditon that there may be a single resultant. 

Let i, j, h be the unit vector edges of the cube, and let the four forces 
be P x i, PJ, P z k and P 4 U(i+j+k); 

.-.,R = P 1 i+PJ+P 3 k+P i U(i+j+k). 
Take moments about the origin so that ic = 0, the origin being at a cor- 
ner of the cube; 

.-^G^vjp^+vkpj+np.k 
- -ip 2 -jp z -ip r . 

The condition is by eq. (24), 8B t G = ; therefore 

BliP 9 +jP s +kP 1 ] \iP 1 +jP 2 +kP s +P 4 Uii+j+k)-] = 0. 

But u { i +j+ k } =^i^ r ^i +j+ ky, 

. • . S[iP 2 +jP 3 + kPJ [iP l +jP 2 +kP 3 +P iV / i . { i + j + kj] = o 
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.-. P 1 P 2 +P 2 P 4l /J+P 2 P 8 +P 3 P 4l /J+P 3 Pi+P 1 P 4 T/J = 0; 
. • . P^P, +P 2 +P 3 )+l/3.(PiP 2 +P 2 P Z +P3P1) = 0. 
Ex. 2. Six equal forces act along the edges of a cube which do not meet 
a given diagonal taken in order; find the resultant action. 

Let P be the tensor of each force, i,j, h, unit vectors along the edges, the 
length of each edge being a 

t -. t B = P(i+j+k-i-j-k) = 0, 
and taking moments about a corner at the extremity of the above mention- 
ed diagonal, 

,G = ,G = Pa V(—ij+ji+ik—M-jk+kj) = —2Pa(i+j+k) 
= —2i/3.PaU(i+j+k). 
Ex. 3. Find the central axis of two forces P and t Q. 
Let the perpendicular distance between the forces be 2<a, and take the or- 
igin at its middle point, so that 8 t aP = $,«,§ = 0, and 

,G = Pt-Vpfl = V i a( l P-.Q)-V^P+ l Q). 
Then, by eq (29), ^-^P-hQ)" 1 F,<P- §)+CP+,§)" 1 W>+,§) 

= ( p=^ ? [r.( / P-f / §)F / o( / P- ^-CP+^m-P + ,§)] 

If the forces are perpendicular S,P,Q = 0, and we have 
* = F^f • / «+ / P~ 1 ^ / P. 

In this case the distances along p, from the central axis to P and Q are 

respectively a. rv , — ~ and a. ™ ™, so that these distances bear to each 

P + <^ J ' P 2 -f- § z 

other the ratio of § 2 to P 2 . 

Ex, 4. Forces act at the angular points of a tetrahedron in directions 
respectively perpendicular to the opposite faces, and proportional to the are- 
as of the faces in magnitude : show that the forces have the property con- 
sidered in Art. 14. 

Let a, p, p be three vector edges of the tetrahedron measured out from 
one vertex taken as the origin ; then the forces may be represented by Vjap, 
Vpfi, Vpa and V(jo — p) (p — <a). By eq. (32) we must have 

V.el^pStP) = 0, 2(,pSsP) = / aSep,e+pSe / e / a+ i eSeap = eSap l c; 
therefore the condition is satisfied. 

(18). Constrained Body. — First let a rigid body have one fixed point, 
and let this point exert a force ^against the body; then for equilibrium, 
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Z(P)+ I F=B+F=0, (40) 

and, if we take the origin at the fixed point, 

t G = I(V P P) = 0. (41) 

Eq. (40) gives the pressure on the fixed point and (41) is the condition 
of equilibrium. 

The system therefore reduces to a single resultant acting through this pt. 
Second, let there be two fixed points in the body, and let the forces they 
exert on the body be respectively t F x and y F 2 . Since two points determine 
a right line, it is evident that all points in the right line joining the two 
fixed points will be incapable of motion, and the only condition of equilib- 
rium is that the resultant moment about this line shall be zero. Let e be a 
unit vector along the fixed line, and let the origin be taken on this line at 
distances a and 6 from the fixed points. Then the general equations (22) 
and (23) give 

^CP)+A+^2 = 0, (42) 

VI( iP P)+a Ve.F, +6 Vc t F % = 0. (43) 

Operate on (43) by S.s, . • . 

Se2( iP P)=0 = Se t G Q . (44) 

Eq. (44) is the condition of equilibrium, for it makes the axis of the re- 
sultant couple perpendicular to e, so that there can be no moment about e. 
By elimination between (42) and (43) we find 

Fe ^ =^[ 6Fe ^ P )-< G <>]' F£ A=^[«F^C-P)-Go]-l 
But F x = e~ 1 St i F 1 + e-i Ve / F 1 and JF t = e^Ss^ + e" 1 VeF 2 , ) 

'(44a) 
hence the components of F 1 and t F 2 along e are indeterminate, as Se / F 1 and 
8sF 2 are subject only to the condition derived from (42), 

£e -Fj +SeFz +8e2( i P) =, 0. (446) 

If the body is capable of sliding along the line e as well as of turning 
around it, we must have the additional condition of equilibrium, 

8eI{P) = 0, (45) 

which is equivalent to equation (3). 

If three points of the body, not in one straight line, are fixed, it can have 
no motion either of rotation or translation, and the three vectors of the 
fixed points are indeterminate. 

(19). Body resting against a smooth plane. — First let the body rest on 
one point, and call the force exerted by the plane against the body Ne, e 
being a unit vector perpendicular to the plane. Then if we take the origin 
at the point where the body rests on the plane, and take moments about 
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this point for equilibrium, 

2( t P)+Ne = 0, (46) 

$ = Z(V /P ,P) = 0. (47) 

As this gives 8B(jt = 8I{ t P)G = 0, which by eq. (24) is the condition 
for a single resultant, it follows that the system reduces to a single force 
,B= — Ne perpendicular to the plane, and acting through the point of con- 
tact. The latter follows from equation (25). 

Second, let the body rest on two points, and let iV^e and N 2 e be the nor- 
mal reactions of the plane against the body. Then 

,B+N lS +N 2e = SiPHeiN, + JV„) = 0, (48) 

2(V P/ P)+ N, V fll ,+N a V,a 2 e = Mo+y{Nifii+ir*fl,)> = 0, (49) 
provided that moments are taken about the origin, and / o 1 and p, 2 are the 
vectors of the points of contact. We have at once from (4b) UB — — s, 
and Tfi=-B = I{P)=N 1 +N 2 . Operating on (49) by S. t B = —BSs, 
we have 

£ S/ G =SeZ(V jP P) = 0, (50) 

which by (24) is the condition for a single resultant. Also operating on 
(49) by S.fli and S.cl 2 we find 

N = |ZiAl n = _f&£m (51) 

The equation of the single resultant is by (25) 
it = K-iice— R-i £/ G , 
that is ,R is applied at a distance from the origin, measured perpendicular 
to itself, of — R -1 eG . From the equation just given Gr = RVen; sub- 
stitute this value in (49) an we have 

. • . jr = N ifli+ N *fli = N 1 p 1 +N 2l a 2 . 

' R N[+N 2 ' (52) 

so that the resultant 7 R is in the same line with the resultant of N t s and 
N 2 e , as must evidently be the case. 

Third, suppose the body to rest on three points. Then as before 

2(,P)+(N t +N 2 )e* = fi+{N t +N 2 + JV 3 )e = 0, (53) 

,G + V(N t fll +N 2 ,a 2 +N S a 3 )e = 0- (54) 

. ' . Ufi = -e, T t R = R = N t +N 2 +N Z , Se,G = 8el\ V /Pj P) = 0, as 
before, so that the system reduces to a single resultant. The equation of 
this resultant will be precisely the same as in the last case. We shall also 
have a value of it like (52) with a term N s ja s added in the numerator and 
a term N 3 in the denominator. The value of N 1} found by elimination 
between (53) and (54), is 
*Used here to represent e. 
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1 S ( fl 1 ,«2 + ,«2 , CT 3 + ,« 3 ,°1 )«' 

The values of iV 2 and .ZV S may be found from that of N x by cyclic permu- 
tation of subscripts. 

If there are more than three points of contact the values of N 1} JV 2 etc., 
become indeterminate, but we shall always have the condition for a single 
resultant, Sefi^ = 0. 

(20). Example. — The lid ABCD of a cubical box, moveable about 
hinges at A and P, is held at a given angle a with | 
the horizon by a horizontal string connecting C with 
a point verticully over A : find the pressure on each 
hinge. 

We have, if the edge of the cube — 1, 

I(,P) = —Wj—PU(icosa+k) 



— —Wj — — ,-r-f i cos a+h), 

J i/l+cos 2 a)\ / 



^(l+cos^) 
and G = F[ — %W(icosa-\-k)j-Pjsma.U(icosa+ky] 

= -^icos«+%--- 7 ^^ 

_ / Psin« W 




-11 k cos a — i). 



\ 1 /(l+cos 2 a) 2. 

The equation of condition (44) must be satisfied, therefore, substituting It 
for e, as the vector along the fixed line, 

/ Psina W\ n , 

( -TTi-i r\ — o" ) cos a = ; whence 

\j/(l+cos a a) 2 / 

p== fly(l+cos 2 <Q 

2sin a 

Making use of this value of P we have 

I{iP) = _^-_|E_(icos« + A), and ,G = 0. 
Hence by (44a) and (446) we find, if l F 1 acts at A and P 2 at P, 

= £ TFt cot a + F;— jfefflfe^, 
7 P 2 = h-iSlc^ = —h8kF 2 ; with the relation 
mPi+^Pa+JTTcosec a = 0. 
It is to be noted that the a and 6 of (43) are equal respectively to and 1. 



